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Abstract 

JL . In this paper, we study the multi-spin string solutions in AdSi x CP 3 

and its /3- deformation with real (3. We give various explicit solutions after 
pH \ some general studies. Conserved charges are computed for these explicit 

solutions. 

1 Introduction 

Macroscopic classical string solutions with large angular momentums in 
AdSz, x S° U| are dual to composite gauge invariant operators with large 
quantum numbers in N = 4 super Yang-Mills theory. We can perform 
semiclassical quantization around these string solutions and compute, for 
examples, the one-loop corrections to the energy of these strings [2]. For 
certain region of the parameters, the energy of the classical string remark- 
ably matches with the anomalous dimension of the composite operator 
[3] [4], computed using the spin chain technique [5]. This match provides 
strong supports to the AdS/CFT correspondence [5] El IE] beyond the 
supergravity limit (works on semiclassical string solutions in AdSs x S 5 
were reviewed in [5]). Later, semi-classical strings and composite opera- 
tors were studied using the algebraic curves approach [TO]- [IS] (f° r a recent 
review, see |16j). 

Recently correspondence between three-dimension N = 6 Chern-Simons- 
matter theory and type IIA string theory on AdSi x CP 3 background was 
established in [T7]- Integrability in this AdSi/CFTz correspondence [18] - 
|26| was reviewed in [271 128| . Various explicit classical string solutions 
were found in [JS], complementing the studies using the algebraic curves 
in [30] . One-loop corrections to the energy of various classical strings 
were computed in [HTJ-jHS]. Splitting of folded strings in [55] was studied 
in [4~T] . 
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Examples of gauge/gravity correspondences with less supersymmetries 
are certainly with general interests. One of the methods to get confor- 
mal field theories with less supersymmetries, starting from N = 4 super 
Yang-Mills theory, is through marginal deformations 42 . Among these 
deformations, there is so-called /3-deformation which preserves M = 1 
supersymmetry and simply adds certain phase factors to the interaction 
terms in the Lagarangian. This deformation can be elegantly written in 
term of some kind of star products |33]. This fact leads to the results that 
all planar partial amplitudes are given by the product of corresponding 
J\f = 4 amplitudes and an overall phase determined by the external parti- 
cles [13] ■ This result at tree level was also obtained [J5] in the framework 
of twistor string theory [46] by applying and generalizing the prescrip- 
tion in |47| . Bethe ansatz for this theory was showed to involve twisted 
boundary conditions |48|-[51]. The gravity dual of this deformed gauge 
theory was found in [43], using a solution generating technique. Various 
classical string solutions in this background were found [52|-[61] which 
lead to some precise checks of this gauge/gravity correspondence with 
less supersymmetries (for other discussions, we refer to the review |63]). 
The understanding of this deformation was improved in [64] where similar 
deformation in ABJM theory was also studied in detail. Giant magnons 
and single spike solutions in the deformed AdSi x CP 3 was found in [65]. 
Finite-size effect on the dispersion relation of giant magnons was studied 
in [22] B /3-deformed BLG [21 [21 El ED CTJ theory was studied in [73]. 
This marginal deformations in BLG theory and ABJM theory were also 
studied in [74] using 3-algebra. Similar deformed solutions for membranes 
and fivebranes in eleven dimensional supergravity ant their near horizon 
limits were given in |75j . 

In this paper, we will discuss some multi-spin string solutions in AdSi x 
CP 3 and its /3— deformations 0. In the next section, we give some special 
multi-spin solution in AdS4 x CP 3 after some general discussions. In 
section [3] we focus on multi-spin string solutions in /3-deformed AdS± x 
CP 3 . After giving one special solution, we study the solutions in deformed 
spacetime starting from certain ansatz in section[2] We put the conclusion 
and some discussions in the final section. 

2 Multi-spin strings in AdS^ x CP 3 
2.1 General studies 

The metric on Ad Si x CP 3 is 

ds 2 = R 2 (^ds 2 AdS4 + dsc p3 ), (1) 

with 

ds 2 AdSi = — cosh 2 pdt 2 + dp 2 + sinh 2 p(dd 2 + sin 2 Odip 2 ), (2) 

1 similar finite-size effect in undeformed case was studied in |67| . 

2 Multi-spin strings in AdSs X S 5 were studied in 1761 . One- loop correction to the energy 
of some simple multi-spin strings in AdSi X CP 3 was studied in 1361 . Some classical strings 
with several angular momentums were studied in [771 178] . 
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and 

ds 2 Cp3 = d£ 2 + j cos 2 £ (del + sin 2 0j d^ 2 ) + ~ sin 2 £ (d<9 2 + sin 2 6» 2 d^a ) ) 

+ cos 2 £ sin 2 £(d?/> + — cos $\dipi — — cos 02dip2) 2 , (3) 

where < £ < |, -2ir < V < 2tt, < 9i < tt, < ^ < 2vr. The relation 
between R and the 't Hooft coupling A = N/k in the gauge theory side is 

R = 2 5/ \ 1/2 \ 1/4 a' 1/2 . (4) 

The corresponding three-dimensional superconformal theory is Chern- 
Simons- matter theory with gauge group U(N)k x U(N)-k- The matter 
superfields are bifundamental superfields Ai,A2 and anti-bifundamental 
superfields B\,E>2- The superpotential is 

An 

W = —Tr^BUiBi - A 1 B 2 A 2 B 1 ). (5) 

Since the NS-NS B-field vanishes, the Polyakov action for the string 
in the conformal gauge is 



R 2 

47TQ' 



J dadr (cosh 2 p(i 2 — t' 2 ) — p 2 + p' 2 + sinh 2 p(—9 2 + 9 12 ) 
+ sinh 2 psin 2 9(—ip 2 + p' 2 )) — £ 2 + £' 2 + — cos 2 i;(0' 2 + sin 2 9iip' 2 
-01 + sin 2 9 ll fl)) + i sin 2 f (-(0f + sin 2 6» 2 ^1) + + sin 2 6» 2 <^ 2 2 ) 
+ sin 2 £ cos 2 £ (^—(i> + i cos#i</>i — i cos6> 2 <^2) 2 
+ W + ^cos6»i(^i - ~cos02<p' 2 ) 2 )) • (6) 



From eq. @, we get 



R 2 V32FA ^ 



4na' 4% 



In the following, we introduce parameter A defined by A = 327r 2 A. 

We consider the following ansatz for the multi-spin string solutions 

p = 0, t = KT, tp = UJ\T + ni<T, <£>1 = U12T + 712(7, lf2 = U3T + n^a, (8) 

with 61,62 being constants. Here n\ is an even integer and n 2 ,ri3 are 
integers due to the periodicity of ip,(pi,<p2, respectively. 

For this ansatz it is not hard to see that the equations of motion for 
t, p, 9, if, tp, fi, V?2 are automatically satisfied. So we only need to consider 
the equations of motions for £, 9\ and 9 2 : 

~ sin4£(d) 2 — n 2 ) — ~ sin2£(sin 2 9i(uj 2 — nl) + sin 2 6*2(^3 — ^i)) = 0, (9) 

(— cj2<i + Ji2n) sin#i sin 2 £cos 2 £ + — cos 2 £sm29i(u> 2 — n\) = 0, (10) 
(wsU) — n-ih) sin 92 sin 2 £ cos 2 £ + i sin 2 £ sin 26*2 (o;| — n^) = 0, (11) 
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where we have defined that 

UJ = LJi + — COS 6*1 — COS U2 , (12) 

n = m + — cos 6*1 — cos #2. (13) 

The Virasoro constraints give: 

— i« 2 + sin 2 £cos 2 £(£> 2 + n 2 ) + i cos 2 £sin 2 #i(a; 2 + n|) 

1 ■ .2 /- „:_2 a /. .2 , „2\ 



+ iS in 2 Csm 2 e 2 (^ + n 2 ) = 0, (14) 



and 



— (u)2 n2 cos 2 £ sin 2 Si +1^3713 sin 2 £ sin 2 62 ) + tin sin 2 £ cos 2 £ = 0. (15) 
The energy and the angular momentums of the string are: 

E = ^L, (16) 

Ji = \/X I — u) sin 2 £ cos 2 £ 

= sin 2 £ cos 2 (17) 

J2 = \/X(~w sin 2 £ cos 2 £ cos Si + ^ cos 2 £ sin 2 61), (18) 

J3 = \/a(— — cD sin 2 £ cos 2 £ cos 62 + -r- sin 2 £ sin 2 #2). (19) 

2.2 Some special solutions 

We now give some special solutions of the above equations of motion and 
the Virasoro constraints. 

2.2.1 Case 1: £ = tt/4, 6 x = 9 2 = or £ = tt/4, : = 0, 2 = 7r. 

In this case, the equations of motion for 9i, 62, £ are satisfied for arbitrary 
LUi,n,i(i — 1,2,3). The second Virasoro constraint eq. (I15[) gives0 

+ ? =F?)(m + =f t|) = 0, (20) 
While the first Virasoro constraint eq. (|14[1 gives 

« = (m + y T y) +("i + yTy) • (21) 
Eq. ([20]) gives either 

m + ^T? = 0, (22) 

or 

"i + Y*f = °- (23) 



'Here — in =p corresponds to 82 = 0, while + in =p corresponds to #2 = 7r. 
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In the first case we have: 



J 1 =2J a = T 2Js = ^( Wl + ^ T ^) 1 (24) 



and, using eq. (J2T 



E = ^k = \Ji\, (25) 
while in the second case, we have 

7 r t a n Va, n 2 n 3 

Ji = J% = Ja = 0,E = — k = — \ni + — q= —\. (26) 

2.2.2 Case 2: £ = 7r/4, # 2 = tt - 0i,w 2 = cj 3 ,n 2 = ^3- 

Now the equation of motion for £ has been satisfied. The equations of 
motion for 9\ , 2 give 

sin 26 1 2 2\ sin#i 

— - — (w 2 —n 2 ) H — ((m + cos 0m 2 )n 2 — (wi + cos 0iu; 2 )u; 2 ) = 0, (27) 

o 4 

and 

sin20 2/ 2 2x . sin0 2 

— - — (u 2 — n 2 ) H — ((wi + cos0iu> 2 )u; 2 — (ni + cos 0iro 2 )n 2 ) = 0, (28) 

o 4 

respectively. Both of them lead to 

sin6'i(cjia;2 — n 1 n 2 ) = 0. (29) 
If we assume that in this case 81 is neither nor n, we get 

U1UJ2 = nin 2 - (30) 

From eq. (|15[) . we get 

(wiri2 + U2ni) cos 0i + wini + cj 2 tc 2 = 0, (31) 
while eq. (|14[1 gives 

k 2 = + n 2 + lj 2 + n 2 + 2 cos 0i(o;itj 2 + nin 2 ) (32) 
= a; 2 + n\ + lj 2 + n 2 + 4 cos 9iujiui2 (33) 



where in the last step eq. (|30[) has been used. 
The conserved charges of this solution are 

E = k = -^-\/w 2 + nj+uj% + nl + 4cos0iojio; 2 , (34) 

Ji = ^^(wi +o; 2 cos0i), (35) 

Va cos0i cj 2 sin 2 0i 

J 2 = — — — - — (wi + 0J2 cos 61 ) H 

4 2 2 

= -^(^2 + wi cos0i), (36) 
o 

J 3 = J2. (37) 

We also notice that if we start with the ansatz £ = 7r/4, 2 = ±0i, U12 = 
— cj3,n 2 = —ri3, we can get the same results as above through replacing 

02,W3,ri3 by ±01,— W2,— Tl2- 
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3 Multi-spin strings in AdS± x CP^ 
3.1 General discussions 

Now we turn to consider the /3-deformed ABJM theory. We only consider 
the case with real and rename it 7. The superpotential in eq. ((5| is now 
deformed into 

W 1 = ^Tr(e- i "' y/2 A 1 BiA2B 2 - e™~< /2 A 1 B 2 ^2Bi) (38) 

K 

The gravity dual of this theory was given in [64] . For the study of classical 
string solutions, we only need the background metric and the NS — NS 
B-field: 

ds 2 = R 2 (-ds 2 AdSi +ds 2 Cp3 ), (39) 

4 -y 

ds 2 CP 3 — d£ 2 + ~ cos 2 £(dOi + G sin 2 Sidtp 2 ) + \ sin 2 £ [dB% 

7 4 4 

+Gsin 2 92dtp%) + Gcos 2 £sin 2 £(dip + — cos9id(pi 

-- cos 8 2 d<p 2 ) 2 + 7 2 G sin 4 £ cos 4 £ sin 2 0i sin 2 2 */> 2 ,(40) 

2 / 2 2 2 2 

-B = — i?7G(— cos £sin 0i cos fodV' A d^i + — sin £sin 62cos0\dij) 
Adtp 2 + ^.fdipi Adip 2 ). (41) 
Here / and G are defined as 

/ = sin 2 #1 sin 2 82 + cos 2 £ sin 2 81 cos 2 #2 + sin 2 £ sin 2 02 cos 2 61 , (42) 
G = 1/(1 +7 2 / sin 2 £ cos 2 £). (43) 



The relation between 7 and 7 is 



7 = ^-7- (44) 



Now the Polyakov action is 

^i(cosh 2 p(i 2 — t' 2 ) — (? + p 2 + sinh 2 p( 



5 = -^-^ / dcrdr 

47T 



,2 



+ sinh psin 0(<p — )) — £ 2 +£' + — cos £(— + G sin #i<pi) 
+0f + Gsin 2 + - sin 2 + Gsin 2 6*tpl) + 0? 

+Gsin 2 82^2) + Gsin 2 £cos 2 £(—(ip + — cos Q\(p\ — — cos 821P2) 2 
+ (tjj' + — cos 81 tp[ — — cos 82 f'2 ) 2 ) + T" 2 G sin 4 £ cos 4 £ sin 2 Si sin 2 8 2 
(ip 12 — ip 2 ) — 2"i<G(— cos 2 £ sin 2 61 cos ^("i/V'i — i^'tpi) 
+ i sin 2 £sin 2 8 2 cos8 1 (ip<p2 - i>' <jpi) + -/(^l^a ~ v'1^2)) ) • (45) 



We still use the following ansatz for the multi-spin string solutions 

p = 0, t = kt, ip = u>it + nio, ipi = u>2T + ri2ff, <p2 = C03T + iina, (46) 

with £,61,62 being constants. We still have that the equations of motion 
for t, p, 6, if, ip, (pi, (fi2 have been satisfied already. Now equation of motion 
for £ reads 

iGsin4£(cD 2 — h 2 ) — -^Gsm 2£ sin 2 6i(ui 2 — n 2 ) + ^-Gsm 2£ sin 2 62 

, 2 2\ , 9G -1,-, 9 . . 4 4 . . 2 a ■ 2 a 1 2 2\ 

(w 3 - n 3 ) + — -F + 7 G — (sin £cos 5) sin 6*1 sin 2 (Wi - 
+27G(— sin £ cos £ sin 2 61 cos #2(^1^2 — W2W1) 
+ sin £ cos £ sin 2 62 cos0i(cjin 3 — w 3 m) + ^-J^(uj2n 3 — o; 3 n 2 )) 
0, (47) 



where 

F = i cos 2 £sin 2 6i(ui\ — n|) + i sin 2 £sin 2 02 (w 3 — n 3 ) 

1 • 2^ 2/-i~2 ~2\ 1 -2 • 4, 4, • 2 fl • 2 Q i 2 2\ 

+ sin £ cos £(cj — n ) + 7 sin £cos (sm 61 sin 02 (Wi — rii) 

1 1 2 2 

+27(-/(o;2n 3 — oj 3 W2) + - cos £ sin 61 cos #2(^1^2 — CJ2W1) 

+ i sin 2 £ sin 2 #2 cos #1 (ojin 3 — w 3 m)). (48) 



The equation of motion for 61 is 
dG 1 

-F+-Gcos £sin8i cosdi(u)2 — n 2 ) + G sin £ cos £ sin $1 (71722 — (DcJ2 ) 



90i 2 

-I-27 2 G sin 4 £ cos 4 £ sin 61 cos #1 sin 2 62 (ui 2 — n\ ) + 2-yG 
1 df 

X (t777-(^271 3 — W 3 Tl2) + COS 2 £ sin 61 COS 01 COS 02(^1«2 — ^277l) 
4 (701 

— i sin 2 £sin 2 02 sin0i(win 3 — w 3 ni)) = 0, (49) 
and the equation of motion for 02 is 

F + i G sin 2 £ sin 02 cos 02 (ojf — n 2 ) + G sin 2 £ cos 2 £ sin 02 {uuiz — nn 3 ) 

C/02 2 

+27 2 Gsin 4 £cos 4 £ sin 2 0i sin 02 cos 02 (a; 2 — n 2 ) + 27G 

x (7"^-(w27i 3 — oj 3 772) + sin 2 £ sin 02 cos 02 cos0i(win 3 — CJ 3 ni) 
4 062 

— i cos 2 £sin 2 0i sin02(a;in2 — W2m)) = 0. (50) 
The Virasoro constraints are 

1 2 2 2 2 2 ^- 2 2 22 

— — k +Gsin £cos £(w +n ) + — Gcos £sin 0i(cj 2 +"-2) 

+ ^Gsin 2 £ sin 2 82(1^3 + n 3 ) + 7 2 Gsin 4 £cos 4 £sin 2 0i sin 2 02 
(^ 2 +n 2 )=0, (51) 
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and 



2 2 ^"22 ^"22 

Gsin £cos £d>n + — Gcos £sin Q\La2Ti2 + — Gsin £sin 82^3713 
+7 2 G sin 4 £ cos 4 £ sin 2 9i sin 2 2 wim = 0, (52) 
The conserved charges of this solution are 



E = -Z^k, (53) 
Ji = \/X / — — [Gl> sin 2 £ cos 2 £ + 7 2 Goji sin 4 £ cos 4 £ sin 2 Si sin 2 62 

+ lG{^n2 cos 2 £ sin 2 61 cos 62 + —113 sin 2 £ sin 2 #2 cos #1)] 

ui sin £ cos £ + 7 Gwi sin £ cos £ sin Si sin 62 
+ jG(-^- cos 2 £ sin 2 Si cos S2 + sin 2 £ sin 2 S2 cos Si)), (54) 

J2 = \/X ( - Go) sin 2 £ cos 2 £ cos Si + — Q cos 2 £ sin 2 Si 
v 2 4 

1 2 2 1 

+ lG{— -ni cos £sin Si cos S 2 + -,fn 3 )), (55) 

J3 = \/\(— i Go; sin 2 £ cos 2 fcosS2 + —Gsin 2 £ sin 2 S 2 

2 ' 4 

+ 7G(— ini sin 2 £sin 2 S2 cos Si — i/n2)). (56) 

3.2 Special solutions 

One can confirm by computations that the following solution 

£ = ^,Si=cos- 1 ^i,S 2 = 0, (57) 
4 n 2 



(-8 ± 2^)n 2 

wi = = ,^2 = U3 = 0,n 3 = 0, (58) 

7 

satisfies the equations of motion Q48I 1491 I50|) and the second Virasoro 
constraint eq. (|52[) . Now we have 

/ = id-f), (59) 
G = (l + ^d-f ))~\ (60) 



The first Virasoro constraint eq. (|5f I) gives 



K = ./ G(w ? + i£-M). (ex) 



The conserved charges are 



E = ^«=^/ G (^+^M), (02) 



j, = ^0(^+^2(1-^)), (63) 

Ja = -— G( ^r +7rii(1 -^r )) ' (64) 



.7, - -^G(wi+7n 2 (l-^)). ((m) 



Finally we search for solutions starting with the ansatz as in subsec- 
tion \rr^ 

f = 7r/4, 02 = 7T — 01, U>2 = OJ3, 712 = Ti3. (66) 

Since the case when 0i = or 7r will lead essentially to the solution 
discussed in subsection 12.2.11 below we will consider only cases with 
sin 6>i / 0. 

From the equations of motion for £, 6-1,62, we can get 



u;in2 — u)2ni = 0, (67) 



and 



— sin 0i cos0i(tj2 — nl) +sin0i(— 1 — i-7 2 + i^ 2 sin 2 0i) 

(0J1UJ2 — ri\n2) + sin 0i (i^ 2 cos 2 0i — i^ 2 cos 3 0i 

H — — 7* sin 4 0i cos 0i)(oj 2 — n 2 ) = 0, (68) 
16 

while the second Virasoro constraints (eq. ([52}) gives 

nitJi + U2L02 + cos 0i {loiU2 + L02ni) + — 7 2 sin 4 0iwini = 0. (69) 

These equations give two kinds of solutions under the condition that 
sin 0i is nonzero: 

• Solution 1: wi = 102 = 0: since now the string does not rotate at all, 
this solution is less interesting. 

• Solution 2: m = ri2 — 0: now the solution gives a point-like string. 
For the second case, eq. (|68[) gives 

1-2 Q 1,, -1 1 -2 , 1 ~2 • 2 a \ 
— -7 cos0io;2 + (— 1 — -7 + -7 sm 0i)o;itJ2 

+ (^7 2 cos2 ^1 — cos3 & + sm4 ^ 1 cos ^O^i = 0, (70) 

from which we can get the expression of uj\ in terms of other variables. 
Now, the first Virasoro constraint (eq. (|5ip l gives 

k 2 — G(uj 2 +012+2 cos 6\u]\ui2 + — 7 2 sin 4 0io; 2 ). (71) 
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The conserved change are 



with 



E = ^JG(< J jj+u% + 2cose 1 u 1 u 2 +~7 2 sw 4 0iU)l), (72) 

t +cos6>iCJ2 . 7 2 tJisin 4 6'i 
Ji = VAG( + ), 

•h = - ^— cos fli +0)2)1 

o 

J3 = Ja, (73) 



G =(i+2!£^lV 1 . (74) 



4 Conclusion and discussions 

In this paper, we focus on multi-spin string solutions in AdSi X CP 3 
and its /3-deformation. We give explicit results for various solutions and 
compute their conserved charges. Integrable structure in the /3-deformed 
ABJM theory deserves further studies. We expect that the spin chain of 
this theory could be obtained from the spin chain of the original ABJM 
theory by imposing some twisted boundary conditions. This could be 
tested either through direct perturbative computations or from twisted S- 
matrix as the situation in four-dimensional N = 4 super Yang- Mills theory 
[51] . On the other hand, it is also interesting to search for other type of 
classical strings in AdSt x CP 3 , such as folded strings. The situation here 
will be much more complicated than the folded strings in /3-deformed 
AdSs x S 5 [531 154| . We hope to come back to these issues in the near 
future. 
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